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Some existence of the best approximants in normed linear space is presented. A
fixed point theorem for uppersemicontinuous multivalued maps with nonconvex
values is used for this purpose. Previous results due to different authors are covered
and extended through our method. Cf) 1991 AcademIC Press, Inc.

INTRODUCTION

In [3] Ky Fan proved that for any continuous function j from a com­
pact convex subset M of a normed linear space X into X there exists x E M
such that

Ilx- j(x)11 =d(f(x), M).

Ky Fan's theorem has been of great importance in Nonlinear Analysis,
Approximation Theory, Game Theory, and Minimax Theorems.

There have appeared several extensions of this theorem (see, e,g., [6-8]).
In [6, 8] Ky Fan's theorem has been extended for a continuous onto

and almost-affine (see definition below) map instead of thc identity map.
The main tools used in those papers are fixed point theorems for suitable

multivalued maps: the hypothesis of almost-affinity ensures that those
multivalued maps have convex values.
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In the present paper we obtain results for a wider class of maps including
the almost-affine ones.

We obtain a multivalued map which is not convex-valued but which is
the composition of uppersemicontinuous acyclic valued maps. To achieve
our aim we shall use a fixed point theorem of Powers [5] for a class of
non-acyclic (hence not convex) multivalued maps.

H seems that this is the first time that a fixed point theorem for multi­
valued maps without convex values is used for Ky Fan's type theorem.

Finally we give a condition very similar to Pralla [6], one which gives
a multivalued map with star-shaped values.

NOTATIONS, DEFINITIONS, AND PRELIMINARY RESULTS

Let X be a Banach space; denote by 11·11 its norm.
Let A be a subset of X and let x E X; denote by

d(x, A)=inf{llx- YII, YEA}.

A subset A c X is called approximatively 'compact if for every x E X and
every sequence {xn } cA with limn_ oo Ilx-xnll =d(x, A), there exists a
subsequence {xnk } converging to an element of A [9]. Clearly a compact
set is approximatively compact. However, a convex and closed subset of
a uniformly convex Banach space is approximatively compact but not
compact.

Let M be a convex subset of X. A map g: M -+ X is said to be almost
affine if for all t l' t2 E M and for all y E X, we have

II g(At 1 + (1- A) t2 ) - yll ~ A II g(t 1 ) - yll + (1 - A) Ilg(t2) - YII,

where AE(O, 1) (see [6]).
g: M -+ X is said to be affine if for all t1, t2E M

AE (0, 1).

Clearly an affine map is an almost-affine map.
Let A, B be subsets of X. A multivalued map F: A -0 B with nonempty

and compact values is said to be uppersemicontinuous (u.s.c.) in A if
{x E A: F(x) c V} is open in A whenever V c B is open.

A multivalued map F: A -0 B is said to be compact if F(A) is contained
in a compact subset of B.

Let g:A-+B be a single-valued proper map (Le., g-l(K) is compact
whenever K is compact).

Assume that g is onto; then we can define the multivalued map
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g-1: B-oA. Since g is proper, than g is closed (see [2, p. 55J). SO that g-1
is uppersemicontinuous (see [2, p. 301 J).

A subset A of X is said to be star-shaped if there exists Xl E X such that,
for every x 2 E X, Ax1 + (1 - A) X 2 E X, AE [0, 1].

A topological space T is said to be acyclic if Fr( T) = {O} for every n ): 0,
where Fr stands for the reduced Cech cohomology with coefficients in Z.

Clearly, a convex or a star-shaped subset of X is acyclic.
A multivalued map F: A -0 B is said to be acyclic (or acyclic-valued) if

F(x) is a nonempty compact and acyclic subset of B for every X E A.
Let Y be a metric space. A multivalued map F: Y -0 Y is said to be

admissible (see [7J) if there are maps Fi: Yi-o Y i+ 1 , i=O, 1, ..., n, Yo=
Yn + 1 = Y such that:

(1) F=FnoFn_ 1 o ... oFo;

(2) F i is acyclic and u.s.c. for each i = 0, 1, ..., n;

(3) Y i are metric spaces for each i = 0, 1, ..., n.

Notice that the composition of u.s.c. maps is an u.s.c. map. However, if
fl is a single-valued map and F2 is an acyclic map, then f1 0 F2 is not in
general an acyclic map. Hence the composition of acyclic maps is not an
acyclic map.

We have the following theorem [5].

THEOREM A. Let M be a convex subset of a Banach space X and
F: M -0 M an admissible compact map. Then F has a fixed point.

RESULTS

THEOREM. Let X be a Banach space and let M be an approximatively
compact and convex subset of X. Let f: M -> X be a continuous map such
that f(M) is relatively compact. Let g: M -> M be a continuous onto and
proper map such that g-l(Z) is an acyclic subset of M for every ZEM.

Then there exists x E M such that

Ilg(x) - f(x)11 = d(f(x), M).

Proof Consider the metric projection Q: X -0 M defined by

Q(x) = {y E M: Ily - xii = d(x, M)}.

(KF)

We have that Q(x) # 0 for every x E X and Q sends compact sets into
compact sets (see [8]).

Moreover Q is u.s.c. (see [7]).
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It is easy to see that, since M is convex, Q(x) is convex for every x E X.
From our hypotheses we obtain that g -1: M -0 M is an u.s.c. acyclic­

valued map. Then the map G = g-1 0 Q 0 f: M -0 M is an admissible map.
To prove our result it is enough to show that G has a fixed point.
In fact,j(M) is relatively compact so that G(M) = g-I(Q(f(M))) is also

relatively compact because the image of a compact set under an u.s.c. map
(with compact values) is compact.

By Theorem A it follows that G has a fixed point and the theorem is
proved.

Remark 1. An almost affine map g: M --+ M is an example of a map
such that g-I(Z) is an acyclic set for each ZEM.

In fact g-I(Z) is a convex subset of M. To see this, let Xl,X2Eg-1(Z)
(i.e., g(xd=g(x2 )=z). We want to show that g(x)=z with X=Ax 1 +
(I-A)x 2 , AE(O, 1).

From the definition we have that, for all y E M,

Ilg(x)- yll::;;A Ilg(x1)- yll + (1-,1,)11 g(x2 )- yll.

Choose y=z. We have Ilg(x)-zll ::;;0, hence g(x)=z.

Remark 2. From Theorem 1 and Remark 1 we obtain as a particular
case the result of Sehgal and Singh [8] (see also [7]).

As a consequence of Theorem 1 we have the following Corollary.

COROLLARY 1. Let X be a Banach space and let M be a compact and
convex subset of X. Let f: M --+ X be a continuous map and let g: M --+ M be
a continuous onto map such that g -1(Z) is an acyclic subset of M for every
z E M. Then there exists x E M such that (KF) holds.

Remark 3. If g = I we obtain the well known theorem of Ky Fan [3].

Remark 4. There exist several examples of continuous maps such that
g - 1 is an acyclic-valued map (see, e.g., [1, 4]).

Remark 5. Corollary 1 is an extension of the result of Prolla [6].
Notice that in the map paper of Frolla [6] a different multivalued map is
used. This multivalued map is convex-valued, since g is almost affine.

Now we introduce a class of maps g: M --+ M such that g-I(Z) is a star­
shaped set, for any z E M. This definition represents an extension of the
notion of almost-affine maps (see [6]).

Let M be a convex subset of X. We say that g: M --+ M is star-affine if
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for every y E X there exists tiE M, t 1 depending on y, such that for every
t 2 E M and for every AE (0, 1) we have

and

llg(tl)- yll =d(y, M).

Assume that M is an approximatively compact and convex subset of X,
then g: M -4 M onto and almost affine is star-affine. In fact, there exists
U E M such that Ilu - yll = d(y, M): since g is onto, then (**) holds.

Condition (*) is trivially satisfied.
Now we want to show that g-I(Z) is a star-shaped set for any z E M. Let

z E M, M as above; then there exists tiE M such that, for every t2 E M and
}, E (0, 1), we have

and

Ilg(t1)-zll =d(z, M)=O.

This implies that

So that

Hence g -1 is star-shaped.
As a consequence of this fact and our Theorem, we obtain the following

result.

COROLLARY 2. Let M be a convex and approximatively compact subset
of a Banach space X. Assume that g: M -4 M is a continuous onto proper and
star-affine map. Let f: M -4 M be a continuous map; then there exists x E M
such that (KF) holds.
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